Abstract -In the previous work, the authors studied the problem of robust discretization of linear time-invariant systems with polytopic uncertainties, where linear matrix inequality (LMI) conditions were developed to find an approximate discrete-time (DT) model of a continuous-time (CT) system with uncertainties in polytopic domain. The system matrices of obtained DT model preserved the polytopic structures of the original CT system. In this paper, we extend the previous approach to solve the problem of robust discretization of polytopic uncertain systems with aperiodic sampling. In contrast with the previous work, the sampling period is assumed to be unknown, time-varying, but contained within a known interval. The solution procedures are presented in terms of unidimensional optimizations subject to LMI constraints which are numerically tractable via LMI solvers. Finally, an example is given to show the validity of the proposed techniques.
Introduction
Continuous-time (CT) systems controlled by digital controllers are referred to as sampled-data (SD) control systems, which are composed of CT systems to be controlled, discrete-time (DT) controllers controlling them, and the ideal sampler and zero-order holder to convert the CT signals into DT ones and vice versa [4] . When the digital controller is implemented on an actual CT plant, the control action through the zero-order holder appears as a piecewise constant signal in time, which is termed a SD controller. Significant research efforts on the SD control design have been made in the literature, and they can be divided into several categories. For instance, the so-called the direct DT design [17] is a design method based on the discretization of the CT system, where a DT controller is designed in DT domain directly. In the so-called lifting techniques [1, 4, 27] , the SD controller design problem is transformed into an equivalent finite-dimensional discrete problem. The so-called jump system-based method [14, 25] is based on the representation of the system in the form of hybrid discrete/continuous model. The input delay approach [10, 11, 20] treats the SD systems as a CT system with uncertain but bounded time-varying delay in the control input.
Among the promising results, this paper focuses on the direct DT design method, in which the computation of an exact DT model of the original CT plant is required. While for LTI systems, the exact DT model is available in principle, this is not the case for nonlinear systems [15, 16] or uncertain LTI systems [3, 17] . Rather, an approximate DT model can be used in replacement of the exact DT model for the SD control design. A major drawback of the approximation technique is that they can suffer from degradation in performance or even lead to instability of the resulting SD control system when the approximation error is relatively large [18] .
Especially for DT LTI systems with poyltopic uncertainties, substantial LMI-based results on robust control problems have been made up to date (e.g., [5] [6] [7] [8] [9] , [13, 19, [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] ), and most of them implicitly assumed that either exact or approximate polytopic DT model of the original CT plant is available. In order to apply the linear matrix inequality (LMI) methods for control design of DT systems, it is essential for the obtained approximate DT model to preserve the polytopic structure of the original CT system. A widely used simplest method is to take an approximation via the first-order Taylor series of the exact DT model under the assumption of fast sampling/fast hold [18] . This strategy usually works well under fast sampling, but the approximation error may become prohibitively large if the sampling period is relatively long. To alleviate this problem, in the previous work [18] , we developed new LMIbased techniques to search for more exact approximation of the exact DT models of the original CT polytopic uncertain LTI systems, in which the discrepancy between the exact and the approximate DT models was minimized. To this end, we exploited higher-order truncated Taylor series of the exact DT model so that the truncation error of the approximate DT model can be reduced.
Although the proposed method was successful in reducing the approximation error, there was still an unsolved problem: it can be applied only to the case that the sampling period is constant in time. To resolve this problem, in this paper, we investigate the robust discretization problem under aperiodic sampling. Specifically, it is assumed that the sampling period is time-varying and unknown, but lies within a known interval. Similarly to [18] , this problem is tackled by minimizing the norm distances between the system matrices of the approximate and exact DT models. To obtain numerically tractable method to compute the approximation, the truncated Taylor series of the exact DT model is used similarly to [18] . The solution procedures are given in terms of unidimensional optimizations subject to LMIs, which can be readily tractable via convex optimizations [2] . To derive the LMI constraints, the socalled matrix-dilation technique [9, [22] [23] [24] is applied. A sufficient LMI condition to design a state feedback SD controller for the computed DT models is also studied briefly as one of applications of the proposed robust discretization strategy. Finally, an illustrative example is given to demonstrate the potential of the developed method.
Preliminaries

Notations
The adopted notation is as follows: + R and + Z : sets of nonnegative real numbers and nonnegative integer, respectively; 
: [ 0 ] ; 
Problem formulation
Consider the CT LTI polytopic uncertain system
where : { :
x t ∈ R is the state, 
It is assumed that the system is controlled by the SD controller
represents an unbounded monotonously increasing sequence of sampling instants with elements in
. We assume that the sampling interval, denoted by (1) and (2) is given by
The state at time 1 (3) can be converted to the uncertain DT linear time-varying (LTV) system ( 1) ( , ) ( ) ( , ) ( ),
where k + ∈ Z . DT LTV system (4) can be viewed as the exact discretization of (3) in the sense that || ( ) ( ) || 0, ,
and any control input sequence (4) is the exact DT model of the SD control system (3) (or CT system (1)). As indicated in [18] , due to the nonlinear and infinite dimensional nature of ( , ) α θ to their first-order power series with the assumption that the sampling period θ is sufficiently small. However, when θ is relatively large, the approximations become inaccurate. To alleviate this problem, the concept of the robust discretization was suggested in the previous work [18] . Roughly speaking, the robust discretization problem is finding approximations ( ) , respectively. As mentioned in the introduction, the research in [18] only considered the case of the uniform sampling period. If the sampling period is time-varying within a known bound, the problem becomes more complicated. In this paper, we cope with the robust discretization problem under aperiodic sampling. The robust discretization problem considered in [18] is modified as follows. 
Problem (Robust discretization under aperiodic sampling).
where 
Main Result
In this section, LMI solutions to the robust discretization with aperiodic sampling are presented. As in [18] , optimizations (5) and (6) can be rewritten by ,( , ) {1,2, , } {1,2} min subject to
α θ α θ α θ α θ γ α θ θ θ
) ,
Alternative expressions are ,( , ) {1,2, , } {1,2} min subject to
which are equivalent to (9) and (10), respectively. We will use expressions (11) and (12) rather than (9) and (10) since (11) and (12) are more suitable to be converted into LMI conditions. The following results can be viewed as the main results of this paper. They establish sufficient LMI conditions that ensure constraints (11) and (12). ( 1) , ( , ) {1,2, , } {1,2}, 
where
are defined in (8) . Applying the Schur complement to the above inequalities yields ( 1) ,( , ) {1, 2, , } {1, 2}, Proof. The proof is straightforwardly extended from the proof of Theorem 1 so omitted for brevity. □ In this regard, the optimizations in (11) and (12) can be replaced by the following optimizations subject to LMI constraints:
,( , ) {1,2, , } {1,2}, min subject to LMIs in (13)
,( , ) {1,2, , } {1,2}, min subject to LMIs in (15)
Remark. Optimizations (16) and (17) are singleparameter minimization problems subject to LMI constraints, and hence, can be solved by means of a sequence of LMI optimizations, i.e. a line search or a bisection process over γ A and γ B , respectively, or solved by the eigenvalue problem (EVP) [2] , which is convex optimization, and hence, can be directly treated with LMI solvers [12, 21, 26] .
Application
Although the proposed strategy provides only approximate solutions to the robust discretization problem with aperiodic sampling, it may be at least more precise than the first-order Taylor series approximation. Moreover, the proposed technique would be effective from the practical point of view since as stated in [18] , once a discretized model of a CT system is obtained, then it can be stored in database and used repeatedly for various SD control design purposes through existing LMI-based DT control design techniques (e.g., [5] [6] [7] 9] to name a few) in the literature. For instance, let us assume that matrices , ,(, ) { 1 ,2 , , } { 1 ,2 } n n n n ij ij (16) and (17), respectively. Instead of considering exact discretization (4) of the original CT system (3), consider the following DT system which is an approximate discretization of (3) under aperiodic sampling:
where ( ξ α θ α θ ξ
Based on the LMI design approach developed in [6] , we can readily establish the following LMI-based statefeedback design condition. 
hold, then state-feedback gain given by 
, and its transpose, and by applying the extended Schur complement in [6] , it follows that
α θ α θ α θ α θ α θ α θ α θ θ θ θ
, we obtain the approximate DT system (18) 
By using Proposition 1, the state-feedback gain is calculated as follows: 
Conclusion
In this paper, our previous work on the robust discretization problem has been extended to deal with the same problem with aperiodic sampling. LMI conditions to compute approximate DT models of the original CT plants have been developed. Finally, an example has been given to illustrate the developed method.
